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cognitive Skili acguiciliin. diagnosing cognitive errors, Jetecting the

-

weaknesses and strengtis of krowiedge possessed by individuals was

introduced eariier. This study further discusses the theoretical foundation
of the model by introducing "tug distribution” and hyoothesis testing (Bayes’
decision rules for minimum errors) for classifying an individual into
his/her most plausible latent state of knowledge. The model 1s 1llustrated
with the domain of fraction arithmetic and compared with the resuits

obtained from a conventional artificial intelligence approach.
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intro inction
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Devera, et methods commonly wsed i Artificial Intellis cace have

aaaptll
]

o Ty, T U PN - - N, 1 A e -
heen applizd to Jeveiop problem-solving program-, or - rror-diagnostio qystems.

These methods have successfully diagnozed hondreds of erronecus ruies of operation
in several domains of arithmetic, algebra, and some areas of science. The results
of such error analyses have contributed to our current understanding of human
thinking and reasoning.

These epproaches, however, fail to take the variability of response errors into
account, ard aiso depend on a specific mode! of problem soiving. Therefore,
they often carnot diagnose responses affected by randort errors (sornet:mes called
"slips”) or produced by 1innovative thinking that 1s not taren into account by the
current models It 15 very difficult to cevelop a computer program whose underlying
a.gorithms for solving a prcbiem represents a wide range of indiv  ual differences.
Yet, when these diagnostic systems are used 1n educational practice, they must be
capable of evaluating any responses on test-1tems, including inconsistent
performances and those yielded by creative thinking. Recent developments in
cognitive psychclogy and science point cut that a student keeps testing his/her
hypothesis and evaluating it until learning advances. As stated by Vanlehn (1983),
'If they are unsuccessful 1n an attempt to apply a procedure to a problem they are
not apt to just quit, as a computer program does. Instead they will be inventive,
invoking certain general purpose tactics to change their current process state 1n such
a way that they can continue the procedure" (p.10). Birenbaum and Tatsuoka (1986)
showed that inconsistent and volatile applications of rules in signed-number

arithmetic it a common phenomenon among nonmasters. Since the 1960’s

psychometriciais have developed probabilistic models to measure latent traits.
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As stated by Alvor: g Macrcady (1235), two general ciaszes of lateat stucture

—

rode:s have teer repee=t, T e lae tes have Feen called Continuum models and

42

Chre 5 eyl s T ey LU - - q
State mode. Tororhe contiruam moedels, trait acguisition s assumed to be

continuous in ~ature..., wiereas for state modets, trait acquisition 1s percelved as

an ‘all-or-rore’ process.” Paulsan (1985) extended the lime of research in latent

ate models to explain erroneous rules of operation in signed-number arithmetic in

which each rule 1s treated as a discrete state. Some basic assumpticns :n the state
models ara: firs., one must decide how many .atent classes or states the model has.
Cecondly, everv subject must belong to exactly one of a finite set of latent classes
which are mutiailv exciusive and exhaustive. Despite recent developments 1n
methods of estimating parameters (Goodman, 1975; Paulson, £S985), probabilistic
explanation of voictile changes in the applications of 1ules :s very difficult by

state moa.l approacres. Moreover, 1t 15 extremely difficult to take all students
performances on a test into account 1n a sirgle model, =cpecially when several
different methods are available to solve a given set of problems. Therefore, we need

a model that :s capable of diagnosing non-systematic cognitive errors and :s also

capable of evaluating nonconventional problem-solving activities.

tsuoka and her associates (Tatsuoka, 1985, 1984b; Tatsuoka & Linn, 1983;
Tatsuoka & Tatsuoka, 1983, 1982) have developed such a model called rule space and
have successfully applied 1t to diagnose misconceptions possessed by students in
signed-numoer and fraction arithmetic. The model maps all response patterns into a
set of ordered pairs comprising the latent ability variable 6 and one of the IRT-
based caution indices () introduced by Tatsuoka (1984b). However, the approach
used 1n their model lacks, somehow, a sound statistical foundation in expressing

The =imulation study by Tatsucka and Baillie (1982) showed that the respons e
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resporse patterns in the c.uster fo.low an aporosimate multivariate norma:

%

distribution. This cluster arourd a rule i cailed » "bug distribut.on’ horeafer.

theoretical foundation of this empirical find.mz will De d.scussed :n this paper.
&5

First, a brief description of the probabilistic model introduced 1n Tatsuoka (1985)

1

wil: be gziven. Then the connection of each "bug distrtution’ to this model will be

L

discussed in conjunction with the theory of statistical patterr classif

~
1

:cation and

recngnition.

oistrioution of Responses around an Erroneous Rule

The term "rule" 1s used loosely, without a precise definition. Tatsuoka
and Tatsucka (1988) say "A rule 15 a description of a set of procedures or
operations that one can use in solving a problem 1n some well-define i procedural

1,7 [

domain such as arithmetic, algebra and the Like." A right ruie(s) 1s defined as a rule
that produces the right answer to every item 1n a test, but an erroneous

rule may fortuitously yield the right answer for some subset of the 1tems. A

logical analysis of cognitive tasks--1dentify.ing subtasks for solving the problems
correctly, investigating possible solution paths and constructing a subtask tres or
process network for a well-defined procedural domain--1s often an important
prerequisite to developing a cognitive error-diagnostic test. However, theoretical
foundations of dealing with such relational databases can be found elsewhere
Reingold, Nievergelt and Deo, 1979; Lee, 1983), and theyv are not our main

concerns in this paper. So we here assume that a set of errorecus rules or sources

of misconceptions one wishes to diagnose 1s given a priori. Indeed 1t 1s possible to

ERIC 7
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patter~ =) 'o the test tfems. (The unit of scoring can be te final anower or
subproce=sess.) Some ru.es are combirations of the sight rule and wrory rules,
while others are combinations of various wrong ruies. For example, suppose a 40-
ttem fraction sudbtraction test contains items requirirg borrowing and those that do
] e
TE L

rot. .f @ student increases the numerator by 10 instead of adding the denominator

when borrewing, then his answer will most likely be wrong for the items requiring

,Q
v

corrowing but correct for those ret requiring borrowing. Therefore, thus ru

referrad to aw Rule 8 later--corresponds to the response pattorn of meroe for the

Tt

vorrowing items and ones rer the non-borrow.ng 1tems.  The cet of rules 0 a study 1s
Sy no means & compiete st of rules. Indeed, we wil! show that some responses are

:niposssole to diagrose.

The responses around a particular rule of operation :n a procedural dernain which
are produced by not-perfectly-consistent applications of the ru.e to “he test 1tems
form a cluster. They include responses that deviate, 1n various degrees, from the
respense generated oy the rule. When these discrepancies are observed, they are
considered as random errors. These random errors are called "slips" by cognitive
scientists (Brown & Vanl.ehn, 1680). The properties of such responses around a
given erroneous rule will be investigated in this section.

First, the probability of having a "slip" on item j (3=1,2,...,n) 1s assumed to
have the same value, p, fcr all items and 1t will be called "slip probability” in this

paper. Let us denote an arbitrary rule for which the total score 1s r by Rule R and

let the corresponding response pattern be:
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U2 rasporse patterts existing one slip away from Rule X are of rwo kinds: a

L

ship of "ore to zero” cceurring at § < JSrandzerotwone" at v« g = n The

: - ry(nr ) (nry
numb-=r of response patterns having one ship 1s thererore ( ‘ ) ( 6 ) + (o)( ¢ J.and

the probability of having one slip cn 1tem 10

n- v (n- : nor- < o
)T (r‘) p® ({-p) (nlr‘) nt (1-p) R he protaoility nois the same for

all items, 3=1,...,n. Therefore the following equation (2) 1s obtained:

(2} Prech (<, -1 for some j=1,...,ror x_ + 1 for some J=r+i,...,n)
. N 4
Frob thaving a slip on an 1tem) = { (I, Mnor) + (2) (n,r)f p! (1~p)n

14
1
L

N

Similarly, the probability of having k slips on the items 15 given by as follows:
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A

given by Zquation (3) as fo

[ - -
. — , — nl Sy n-s
<) 2 Frobihaving uptox siips; = Z 1. o {i-p,
- < J ) .
SHEN SR N
Lherefore, s cluster sround Rule R which conoists of resper se patterns mneluding

various numbers of slips ot-perfect. yoonsistent applications of Rule X) has a
t,
precabilily distribation of the binomial form if all items bave the sane =i
k\
provabiuty p. If, on the other hand, we assurmne each 1tem o have an unigue i1

probability, then the binomial distribution expressed by Eguation (3) will become a

compotnd binormaal distribution, Equation (4).
k ( n , {—v 3
(4)  Prob (having up to k slips) = = 1 p*y (L-p )" Tk
X,s<k V33 J J

Before an approximation of the slip probabilities P13 discussed, the rule-space
concept will be briefly introduced 1n the next section.

A Brief Summary of the Probabilistic Model, Rule Space

One of the purposes of the model, the rule space, 1s to interpret semantically the
elatienships among various erroneous rules and the right rule, and compare the
characteristics of each rule to the right rule or other rules. Ap amalegy for the

tnderlying motivation of seeking a norm-referenced characteristic of "bug behavior”

inzy be found 1n the theory and practice of norm-referenced tests. This starts by

10
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compared with the pight relsg nderstanding whv ard Fow LR ioos oo s oeptions are
reiated and transiormed from ore to arother will Le erplamed more clearly than by
just describirg the list of bues.

The rule space mode! begins by mapping all possible binary resgonse patierns
into a set of ordered pairs { (6, ()}, where 8 15 the latent ab:lity variable 1n item
response theory (IRT) and ¢ {or {(4: ) 15 one of the IRT-based caution indices
Tatsuona, 178=0; Tetsuoka & Linn, £983). The mapping function £ (x ) 15 expressed
a3 an :nner product of two residual vectors, P (€} - » and P(8) - T2) where

~

D “
i J(e) y J
binary response vector and T (8) is the mean vector of the logistic probabilities.

=1,...,n are the one- or two-parameter logistic-model probabilities, x 1s a

f{x) 15 a linear mapping function between x and { at a given level of 9, and the
response patternrs having the same sut?:cient statistics for the maxunum likelihood
estimate é of & are disnersed into different locatiors on the line of 6 = é For
example, on a 100-1tem test, there are 4950 different response patterns having the
total score of 2. The {’s for the 4950 binary patterns will be distributed between

and

where gmm 15 obtained from the pattern having 1 for the two easiest

gmm max

items and zeros elsewhere, and §max 1s from the pattern having ! ror the two most
n
difficult 1items. f(x) has the expectation zerro and variance X P {9) Q. (6) (P 6 -

—1J J J
=1
T(@))Z {Tatsuoka, 1985). Since the expectation of the random var:ible >§ (3= 1,...,n)
is PJ (6), the expectation of a vector x 1s P (@) whose jth comporent 1s Pj (6). The

vector P (6) will be mapped to zero as shown in (5), thus the pattern corresponds to

(6,C) in the rule spzce.

5) flP)) =0

11
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Similarly, ail the resporse vectors resulting from several ships around rule R

will be mapoed in the vicinity of (GP ,f{R)) 0 the rule space and form a cluster

. vo—
ot

(altled the cluster arcund R hereafter).

N

The two variables B and rix) are mutually uneorrelated so their covariance

matrix has a diagonal form as follows;

var(f(i))

where 1(8) 1s the information functiorn of the test and is

< 2

2.a .
J

given appoximately by

(J=1,....n are item discriminating powers.

P (6)Q (8) where the a
J J J

Let us map all response patterns of the test, jacluding clusters around various
rules into the Cartesian product space of 6 and f(x), where

(P6),P©) -T®) -(x,P(6) - T10))

~

(8) Flx) =

In particular, Rule R 1tself will be mapped as

(9) R=x = (65,rR) .

"

~—

f

where f(R) The variance of the oluster around B wiil be

~

15 given by Equation (9).
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The quanuties pand g are associated with Rute R as well as with 1tem 3, and their

o S

vaues are unhrown.

[N o - oo ot NN , S ypnet S - ! PN [
Suppose poas e by probatiiaty of ttem j ard po £ o0 for o2 L Then, the
’ 1
:

~any ! : Sy Fraataiyey S50 SRR ST ST < VR A o RN A b I
procacliity ensity furction of o Cllslel aroind Ruie N Wail oe a compound binomiai

R ST T I N T I e TNyt N NN Y = N s !
SuSTriouticr. Lne coneltional procadinty that x}, the resporse 10 item 3, 1S Not equat

tothe st element OF DLie Ry ., but Lo- x will be either P (68) or Q ()
. R, R \ ]
depending on whethsr the jth element ¥ N R 13 rero or one, respectively. That is

4

b

Frob (w =1 | 65 =P (65) 1fxpy =
R J R R

[N—y

/ {
(11) Prob (x. =y | 65) =
® R ﬁ‘Prob (XJ =0 | Ug) = Q}(G VO f v

N

Frerefore. the slip probability of item 5 will be expressed by the log:stic function

P (0] whose parameters are estimated from a sample. The cornpound binomial

J

distribution of the cluster around Rule R 1s given by the terms of the expansion of

expression (12), and the mean and variance by Equations (13) and (14) because the

i

complement of the siip probability 15 the conditional probability of correct responses
p

gven Rule R.
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equations (18) and {16, respectively.
D]
( o
i ‘\ llun . - _\1 - - \ o v ~ '—) "r‘ N
(o) Var (7 in the cluster around R} = ZIP (8)Q () {F A9 - (ﬂ)
J J J
T4 iy - C oS AT oot A [ 4 I~ . - { 4 N T /T(
102 variance At tn any ~Lhuster, on fhe other nand, 1o viven by the resinrocal 11(0)

N

~
T
oo

0

e Infermation runctior

(20) Vare in the cluster around R) =

R Lo

”
LTl

The above two var (

along with the ract that ¢ and £ are uncorrelated, plus

the reasonable assumption that they have a bivariate normal distribution, ailow us to

construct any desired percent ellipse around each rule point R. The upshot 15 that. if
s -~ ’

T

A1 ervoreous rules (and U correct one) were o b

¢ mappad mito the rule space along
with their neighboring response patterns representing random slips from thern, the

1

resulting topography would be something like what 15 seen in Figure That 1s, the

population of points would exhibit modal densities at r. any rule points that each
forms the center uf an enveloping ellipse with the density of points getting rarer as
we depart farther from the center in any direction. Furthermore, the major and

minor axes of these ellipses would -- by virtue of the uncorrelatedness of { and 6 --

be parallel to the vertical ({) and horizontal (8) reference axe : of the rule space

b]

respectively.

re 1 about here

- i
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By this .o meant thal, once these cllipoes are guaven, any response-pattern
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e
job]
@]
T
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an Do olasoilied wo mest Likely ben nz o random slip from ore or another of the

\

TR ) e -~ v . "~ L ooavs p
SITOReoUs rules {or the correct onel. We fave orl) to

1
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4
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Sperationa: Claseification Seneme

he yeometric scheme outhined above for classifyr o any given v rronce-pattern

point as being a "perturovation” from one or another . the 1 ie points has a certain
Intuitive appeal (especially to those with high spatial @bilityl). However, 1t s
obviously difficuit if not infeasible to put 1t into practice, We thererfore now
cescride the alpetraic equive' nt of the foregoing gec.etric classification decision
Z

rule, which 1s none other than the well-known minimum- D rule, where D7 15
Mahalanobis® generalized squared-distance (Fukunzga, 1972; Tatsuoka, 1971). Then
the Bayes® decision rule for minimum error will be discussed in the context of the
rule space.

Without loss of generality, we may suppose that a given response pattern point x

I o ~

Nas to be classified as represerting a random slip from cne of two rule points R, and

Ro. Let X Le apo: tin the rule space corresponding to » , X =

~

l
| Y
) |

1

estumated Mahalanobis distance of X from each of the twe rule points o
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where i, = | ,and Re = |, and the variance-covariance matrix
- [ \ S SO i
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will be,
’\' ~

) var (r‘ (x) )

e deciion ruie 13, of cource, to olesaify < es o pertureation from Ry af
~ ~ .
- . & T ’ ~ v -
D><1 < D75 and otherwise as a perturbation from R~ . Hewever, the decision based

s -

on the Mahalanoois dista ces, U7y and U7 does not provide error probabil.ties of
7 <

misclassification. The next section will discuss them.

The Bayes’ Decision Rule for Minumum Error

Suppose Ry and R, are two c.usters of points corresponding to Rules | ard 2,
respectively.

Let Prob (Ry) and Prob (R,) be prior probabilities of the rules Ri and R,

b

Then, Bayes

p (Y }Rl), 1=1,2 be the conditicnal density function of Y g:ven Rl.

decision rule 1s as summarized 1n Equation (18),

(18) IfplY I Ry Prob Ry plY | R, Prob(R,) then Y « Ry

Otherwise, Y € R,
~ <

Sometimes, 1t 1s convenient to tuke the negative log of the likelihood ratio in

xpression (L8) ard rewrite 1t as Expression (19),
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(19) R = o=l TRO) ey SR )
e A - 1 ' - -
f —_—
T Ry Tty ‘ then Y belones to R,
i - ~ - 1
The probabuitty of error is tme protability that Y will be  ssigned to the w.ong
avr™ oy
group, R,
Let us denote the posterior density furction by P(R. | Y) and let 'y and I'5 be
the regiorns such that 1f Y € r‘i then P(R1 | Y) > PR, P YD and (f Y e I'5 then

The probability of error s given by the following equation:

(20} €=Prov{Y « 'y | R{JPR,) + Prob(Y e I', | R.) P(R-)
i I L e < —

&t us denote the probability of Y belonging to I'5 when Y is from Ry B¢y, then

Similarly, the probability of Y belonging to ri when Y 1s from R, € 5 will be

(22) €, =Prob(Y eI, | RZ) = p(Y

Then expression (20) can be rewritten as € = € 1P (RI) + EZP (R;) , Or more

<

precisely,
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protability €. The din encionaiity of the corditiora. density function 1s often more

than one, while the density function p (4 | R ) of the likelihood ratio is ore

~J
no

dimensional so 1t 1S sometimes convenilent to integrate the latter (Fukunaga, 19

Fence, Equations (24) and (25) are used to obtain the error probabilities, Ei and t?;
¢ DIRA)/PIR )
o £ = ol
oL €, = IRy
b o
@
- | S R dd
(25) €, = ’ SR ‘ st b
/ P(RZ)/P(Ri)
If the density function ptY | R ) 18 normal with expectatiuns I, and covariance
matrices Zjl, then Equation (19) will become Equation (26).
(29) [FAY) =-In1Y)
— 1 A 7 - 1 1 v/ \—’1 \
= s(Y-M)"Z Y-M)-50-MJ’"Z5 (Y-M,)
A S ~ o~ A R
z PR, YR
. ] ¢ PRY 1
+ 5ln——— In— —
< = PR YE€R
=2l s PRy 2
If 2y = '2:_2 = &, then h(Y) becomes a linear function of Y and the decision rule has

the following form 1f Y follows a normal distribution:
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>
o<

€
)
|
\*Rq

“he error probability € 15 given by,

(@ [

| | 1 , 1

L8 = ol R) e = | —— e (£ a7
Jt ,‘ti)rz \[Zn

— t+r ‘

— -y (._Ul)

where t = In p(Ri) /' pPR5) and ¥ () 15 the unit normal distribution. The

conditional expectation of the lixelihood function h(Y) 1s given by (29) and (30),

(29) el 1R =17 vy M7 27 v, - M) =
( ) = 4! ) r -1 )
(30) EL) [ Ry =+, vy - 271, - M) = 4
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(J1) A l‘,'t\l, 1y &N J T \l\/:~,"x\]4/ - \\Ax‘:\u/ e =
+
Sirnrlarive £ e e St e b st ‘I'< ) Lo
- - . . Ny Y-t
(32) &= plhoy (R, dhey) = ¢ - ()
)
-CO
[lustration of the model with an example
A 10-1tem fraction subtraction test was given to 535 st dents at a local Junior

.

h A coemputer program adopting a deterministic strategy ror diagnosing

ugl . 'Dk_,x LOOA.

“f operation in subtracting two fractiors was developed on the

DA T~ - et ~ .
‘

Systam. une stuaents’ performancas on the test were analyzed by the error-

diagnostic program and summarized by Tatsuoxa (L2325, In order to 111 astrate the

rile space model and the decision rule described 1n the Drevious section, two very

common erroneous rules (Tatsuoka,

Rule 8.

1984b) are chosen to explain the model.
This rule 15 applicable to any fractidn or mixed number. A student
stbtracts the smaller from the larger number Intnequal corresponding parts and

keeps corresponding equal parts as 1s in the answer.

s

Ex arm S are,

[0 =177 712727
-3 4 _ 51

o 73-3=73
3 3 _3

S

Rule 30. This rule 1s applicable to the subtraction of mixed numbers where the

first numerator 15 smaller than the second numerator. A student reduces the whole-

number part of the minuend by one and adds ono to the tens digit of the numerator.

20

L
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N < 10 - 10
o R 3 I U N - _ i
o ~ 0y — - o - -
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, -
- -3 < _ 15 4 .9
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LD D o

These two rules are applied to 40 .tems ard two sets of responses are scored by

the "right or wrong" scoring procedure. The binary score pattern made by Rule & :s

i

1 tal oy b1 i e e T O TPV R A ot
denoted by RQ and the other maode oy ~uic S0 1w geroted By R~

~-7 J ~ N

Besides the two ruies menticned above, 38 duferert error types are wdertilied by
2 fask epaiymis, However, these error types do not necessarily reprezent microlevels

of cognitive processes such as erroneous rules of operation.  They are, somelow,

~

cefined more coarsely, like borrowing errors being grouped as a single error type, or
the combiration of borrowing and getting the least common multiple of two
denorrinators being counted as one error type. Ir other words, 38 Ulnary responce
patterrs representing 38 error types are obtaimed.

The 535 students’ responses on the 40 1tems are scored and used for estimating
item parameters aJ and b] by the maximum likelihood procedure. By using these a-

o

and b-values, 8-va.ues associated with the two rules and 38 error types are

(ekagk)s
k=1,...,40 are plotted 1n the rule space (Rule 8 1s renumbered to 39 and Rule 30 to

comprited.  Then the corresponding ¢-values are calculated  Thus, 40 points,

40. It 1s only a coincidence that the number of rules equals the rule number.)

Insert Table | about here

Now, two students A and B who used Rules 8 and 30 for a subset of 40 1temns are

sclected. This was possible because their periormances are diagnosed independently
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shown in Fizure Zreprosent A and B, Their et aatad Mabal mvabie de o aeme o M

5 A0 ¢ NI ! “ o ey 4 Sl
to the 40 centroidie ure clculated recpectovely and the onarlos Lo o T

~

A~y

distances, D7, are selected to rompute probabilities of errors. Table 2 Summarizes

the results.

Insert Table 2 & Figure 2 about here

~

JFo D values of Student A to Tote 40 and 19 are 0.008 and 0.119,

respectively, and toth the values are small enough to judge that A may be classified

~ 5
. ~ . o — 2 I - < y N ~
to etther of the sets, Timee [ follows the Y -distribution with two deorees of

-~
<

(A,Set 4y = 0 and

freedom (Tatsuoka, 1971) the null hypotheses that [
2
- —_ T . i . - - -
D (A.Set 19) = O cannot be rejected at, say a = .25. The error probabilites €, and
€5 are .581 and .266, respectively. Therefore, we conclude A belongs to Set 19,
-
Z

even though [ (A, Set 40) 1S smaller than DA(A Set 10) This 1s because the nrior

Se
probatility of Frob (Set 40) 15 much smaller than that of Frob (Set 19) where the

threshold value. t, 15 determined as follows:

t = -2n | Prob (Set 40) /Prob (Set 19) ]

and

~

Prob (Set k) a (1/21) exp | - (6, ,¢
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Discussion

P . . )

. N Lok + ~ - . - , S

DIstic Mmoaes! \,H'j\ 15 canio.e Uf W 0TI Syt e Ol
)

A 2w probat

acquisition. and of dlagnoesing erroneous rules of Oporation in a procadur szl domain
was introduced by Tatsuoka and her assoriates ( 985: Tatsuuka & Baillie,
19335 Tatsuoka & Tatsuoka, 1982; Tatsuoka, 1983; Tatcuoka, 1932a). The model, |
called rule space, imvolves two tmportant components: 1) dsterminat: o of a set of
rules to be diagnosed, or 1in cther words, conditional density functior s representing
ciusters around the rules, and 2) establishment of decision rules for classifying an
observed response pattern into one of the clusters around the rules and computing
error probabilities. If cach cluster arvund a roue can he described by a bivariate
normal distribution of 6 and ¢, the application of the technigues aveilzhle n the
theory of statustical classification and pattern recognition 1s fairly straightforward.
With regarcs to the first component, a list of rules is suppiied independently from
parameter estimation of the Item Response Theery maodels. Diagnoses of stulents’
responses to the 1tems are performed by classifying them into one of the bug
distributions if possible, and if not possible ther left for the future 1rvest 1gation as
to searching a cause of rmisclassification. Determination of the list of the rules will
be discussed 1n a future paper.

This study introduces the fact that the ~luster around the rule consisting of the

response patterns resulting from ore, two,..., several slips away from perfect
application of the rule indeed follows a compound binomial distribution with centroid
(9{2 »$g) and variance Z p.q,, where p  (3=1,...,n 1s the probat.l.ty of having a

: g=1J J’ J
slip from Rule R for item j. The values of P, and q, are replaced by the logistic

probabilites P (GQ) and QO (6n), j=1,...,n, estimated from the dataset.
Jo JR
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APPropriatente 5 Gl oits the Ll peobuin e 3 csecated wity oach cry oneous rule

1, by .=~ N P N
by the leg. =i~ function = o as o Stare tonie of nvest,
e A

1

the data seems tu bo wrod,

Tlhho J»)t B T LT ey - ~ony ' ~er t o -~ + by sl A
LIS Gelel it ilnaniol O O S ol CilpSes represe Hin g CLLaTers arouw W the rules can

o
)

-~ ~Ee s
e advtomeaetic anter a.

I

e erroneous rules are discovered. Many researchers in
cogritive science and ertificial intelligence have started constructing error diagnostic
systems In various domains in this decade. Expert teachers usually know their
students’ errors, as well as the weaknesses and strengths of each child’s krowicdge

structure. Since the nodel does not require a lerge-sceie computation such as

—4 i~

Hrategies comurony wsed o the area of artificial intelligence do, the rule-spac..
rocel s Peipiul in more general areas of research and teaching, and for those who
have microcomputers for testing their hypotheses, validating their data with
probabilistically sound infermaticn, and evaluating their teaching methods and
materials. Moreover, the mod:l can te "intelligent” 1n the sense that the researcher
can :mprove and modify the info rmdtmn for the cluster ellipses as they g2t more
new students wnose performances they can study.

The set of ellipses can represent many things tesides erroneous rules. They can
represent specific contents of some domain, usage errors in the langauge arts, or
processes required in algebra. However, further research is necessary to develop
m2thods for determinii g the set of ellipses other than relying on an expert teacher.

The method must be efficient and compatible with recent theories of human cognition

and learning.
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Table |

The 40 Centroids Representing 40 different errar types 1. Fraction

Subtraction Yests (N = 535, n = ,0)

21

22

23

24

18 25

30 248

13 27

23 28

31 29

29 30

11 37 31

12 39 32

13 10 33
14 12 34 31
15 14 35 30
16 16 34 4
17 -.86 20 37 -.52 -.94 10
18 =2.12 18 38 =32 -1.26 14
19 =2.24 20 39 =41 =2.57 13
20 29 -1.51 24 40 A7 2,34 22

#These items will have the score of 1, atherwise the score will be 0,




Table 2

Diignosis of Cognitive Errors

Summary of Classificetion Results of Students A and B

Student A Student B
2 2
0? Dy, set 49 +00B Dg, get 39 021
2 2 .
Dp, set 19 119 DB, get 14 135
£y .581 L 979
£o . 266 010
n . 088 . 040
t - 174 ~ bl

28
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Fifteen Ellipses Representing Fifteen Error Types Randomly

Chosen From Forty Sets of Ellipses

Figure 1:
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